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BASIC THEORY OF RELATIVITY AND THE TWIN PARADOX 

INTRODUCTION 

The story of this exposition starts one Friday night when I decided to spend quality time on the subject of special 

theory of relativity with the famous “Lectures on Physics” (I-15 in Volume I) by Richard Feynman. In this, Feynman 

addresses the so called twin paradox. Although Feynman is always fun to read, I figured that his explanation was 

on the lean side and decided to delve deeper into the subject.  Truth be told, you can find many discussions of this 

so called paradox; some a manifest of good science as in Wikipedia, others revealing “novel discoveries” from new 

Einsteins.   

A good one from the Louisiana State University: The Daily Reveille Online Edition Issue date: 2/23/07 reads: 

“Professor solves Einstein's twin paradox”, the reader may enjoy reading the clip and some of the responses.  

Better yet, Wang Guowen from the College of Physics, Peking University, Beijing, China, in January 25, 2005. In his 

paper “Einstein's concept of a clock and clock paradox”, found that the slowing time is altogether a blemish in 

Einstein theory. I hope the following exposition sheds light on the matter and provides a good introduction to 

relativistic kinematics.   

TRAVELING BETWEEN STATIONARY POINTS 

FUNDAMENTAL LAW 

 

This law holds both in classical (Galilean) and relativistic kinematics.  

Only one dimensional motion will be considered for simplicity.  Consider the two systems X and X’ whose x axis line 

coincide and the origin of X’ is moving with velocity u with respect to the origin of X, as shown in Figure 1.  

Consider that at the beginning of a process that we wish to analyze, the origins of the two systems coincide and 

that at this initial point, the time of the two systems taken by an observer at the origin is zero.  After some time 

measured as 1t  in system X and 1t  in system X’, the origin of X’ travels to a target Tx  located a distance 1x  from 

the origin measured in system X. 
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u 

x1 
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Figure 1: Two reference systems (X, X'). System X' moves to the right with velocity u with respect to system X. 

If observer A sees observer B moving in velocity u with respect to him then observer B sees observer A moving 

with velocity –u. 

http://en.wikipedia.org/wiki/The_Feynman_Lectures_on_Physics
http://en.wikipedia.org/wiki/Twin_paradox
http://www.lsureveille.com/home/index.cfm?event=displayArticle&ustory_id=e1c6564f-4be3-44ba-a190-df457cce55e9
http://arxiv.org/abs/physics/0501131v1
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Let’s start with the, non relativistic, Galilean, canonic transformation. 

1 1 1x =x -u t .           (1) 

Since the velocity of X with respect to X’ is u, the canonic transformation from X’ to X is 

1 1 1x = x -(-u) t           (2) 

or 

1 1 1x = x +u t .          (3) 

As per the definition of our process that describes the movement of the origin,  

1 1x =u t ,           (4) 

substituting (4) in (1) gives us, not surprisingly 

1x = 0 .           (5) 

Substituting 
1x  from (4) and 

1x  from (5) into (3) we get  

1 1u t = 0+u t           (6) 

which naturally yields 

1 1t = t .           (7) 

Note that the time equation (7), which is usually postulated as an independent equation is in fact obtained from 

the compatibility requirement between the forward and reverse canonic transformations. 

 Turn now to the relativistic transformation known as Lorentz transformation.  We will first take this 

transformation as a given. Later, we will show how it is derived from the postulation of the theory of relativity.  

The transformation is 

1 1
1 2 2

x -ut
x =

1-u c
          (8) 

where c is speed of light.  Let’s now follow the same above compatibility procedure.  In parallel to Eq. (3), 

1 1
1 2 2

x +ut
x =

1-u c
.          (9) 

Eqs. (4) and (5) remain the same according to our process, thus, 
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1 1x =u t            (10) 

1x = 0             (11) 

As before, substituting 1x  from (10) and 1x  from (11) into (9) we get 

1
1 2 2

0 +ut
ut =

1-u c
          (12) 

thus 

2 2

1 1t = t 1-u c .          (13) 

The meaning of Eq. (13) will be explained shortly, but beforehand let’s manipulate it to derive the typical Lorentz 

time transformation.  Multiplying both the numerator and denominator of the RHS by 2 21-u c and substituting 

1 1t = x u  from Eq. (10) provides 

2

1 1
1 2 2

t - x u c
t =

1-u c
.          (14) 

Note that in accordance with Eq. (9) we have also 

2

1 1
1 2 2

t + x u c
t =

1-u c
.          (14.a) 

It is the latter form (14) rather than the former (13) that is known as the canonic Lorentz time transformation.  We 

will not dwell, however, on why the more complicated form (14) is chosen over (13) as it will not matter for the 

discussion at hand.  To discuss the meaning of the above Eqs. (8) and (13) to our process, we should first review 

the process: 

1. The process starts by an event where the origins of X and X’ coincide and the time measured in both of 

the systems is set to zero.  We can say that X’ comes from behind X and when observer X sees him in his 

side window he sets his clock to zero.  Likewise when observer on X’ sees the observer at the origin of X in 

his side window, he sets his clock to zero. 

2. The process progresses with the origin of X’ moving along X with constant speed u with respect to 

observer X.  Thus, the observer on the origin of X sees the other observer (sitting on the origin of X’) 

traveling at speed u and the observer at X’ sees the other observer (at the X origin) traveling at speed of –

u. 

3. The process terminates when the observer at the origin of X’ sees the target point, Tx , in his side 

windows (i.e., passes the target point). 
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Quantities we want to compare 

1. 1t  – the time the observer X calculates for observer X’ to reach the point Tx  

2. 1t  – the time observer X’ has on his stopwatch when he passes the target point 

3. L  – the distance that X’ travels known by observer X 

4. L’ – the distance that X’ travel according to his calculation assuming that he travels with a speed of u with 

respect to the target point. 

Note that since X’ is moving, he cannot measure the distance to Tx . Likewise, since X is stationary, he cannot 

accurately measure the time when X’ passes the target point. The crucial information for both is the speed at 

which X’ is traveling.  

Eq. (13) provides us with the relationship between 1t  and 1t . Thus, for this process, the time on the stopwatch of 

observer X’ is shorter by a factor 2 21-u c than the time calculated by observer X.  The distance covered by X’ in 

this process calculated by observer X is simply  

1 1 1L = x =ut            (15) 

The distance that X’ calculates if he assumes that he is traveling with speed u through the process is similarly 

1 1L =u t .            (16) 

Thus  

2 21 1

1 1

L t
= = 1-u c

L t
          (17) 

The distance measured by observer X’ is shorter by factor 2 21-u c  than the distance calculated by observer X.  It 

will help to show how we can get these results from the point of view of observer X’.  Assume now that you are 

sitting on the origin of system X’ you would see the observer X moving backward a speed u and the target point 

moving toward you a speed u.  After time 1t = t  you see the target mark pass by you.  You thus conclude that at 

that moment 

0t = 0 ,            (18) 

the target was located at Tx , wherein 

T 1x =u t .            (19) 

To find the location of the target point in system X we translate Tx  to system X using Eq. (9) 
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T 0
T 2 2

x +ut
x =

1-u c
.          (20) 

Substituting 0t = 0  provides  

T
T 2 2

x
x =

1-u c
.          (21) 

We already see that the location of the target on the stationary system is farther than its initial distance on system 

X’. Furthermore, substitution for Tx  from Eq. (19) gives 

1
T 2 2

ut
x =

1-u c
.          (22) 

Let’s substitute for 1t  using the canonic time Eq. (14)  

2

1 T
1 2 2

t - x u c
t =

1-u c
.          (23) 

Recalling that  

T 1x =ut             (24) 

and substituting (24) into (23) one gets, in accordance with Eq. (17), 

2 2

1 1t = t 1-u c .          (25) 

Substituting 1t  from (25) into (22) gives 

2 2

1
T 1 12 2

u t 1-u c
x = =u t = x

1-u c
.        (26) 

Thus, it does not make any difference what our observation point is, the same results are found.   

Let’s again reiterate what the two “observation points” are. 

 Observer X see observer X’ moving between him and a stationary target point 

 Observer X’ see observer X moving away from him and a target point moving toward him 

In this process, X is a stationary observer and X’ is a moving observer. 
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The above described process explains the phenomena of the muons
1
 that are created around 10 km high in the 

atmosphere and travel at near light speed toward the earth. Even with the speed as high as that of light of about 

3x10
8
 m/sec we, the stationary observers on earth, would expect a traveling time of about 3x10

-5
 sec.  The muons, 

however, have an average lifetime of 2x10
-6

 sec – well shorter than the expected traveling time.  Yet, because of 

the above principle, the muons “experience” much shorter traveling time and hence arrive “alive” to the earth 

bounded detectors.  

VELOCITY ADDITION 

We can use the formulas developed so far to derive the rule of composition of velocities.  Let’s assume that an 

observer X’ is moving with velocity u (u < c) with respect to observer X, and further that an observer X’’ is moving 

with velocity v (v < c) with respect to observer X’.  The goal is to calculate what the velocity w of observer X’’ is with 

respect to X. 

Assume that observer X’’ measures the time 1t  to reach a target 1x  located in the system X.  Acknowledging that 

the observer X’’ is located at the origin of the system X’’ then by using Eq. (9) we get, 

1
1 2 2

0 + wt
x =

1- w c
.          (27) 

Next, make the transformation going first from X’’ to X’ and then from X’ to X. We start with the transformation 

from X’’ to X’ 

1
1 2 2

0 + vt
x =

1- v c
.          (28) 

                                                                 

1
 The following is from Wikipedia (http://en.wikipedia.org/wiki/Muon)  

The nuclei that make up cosmic rays are able to travel from their distant sources to the Earth because of the low 

density of matter in space. Nuclei interact strongly with other matter, so when the cosmic rays approach Earth 

they begin to collide with the nuclei of atmospheric gases. These collisions, in a process known as a shower, result 

in the production of many pions and kaons, unstable mesons which quickly decay into muons. Because muons do 

not interact strongly with the atmosphere and because of the relativistic effect of time dilation many of these 

muons are able to reach the surface of the Earth. Muons are ionizing radiation, and may easily be detected by 

many types of particle detectors such as bubble chambers or scintillation detectors. If several muons are observed 

by separated detectors at the same instant it is clear that they must have been produced in the same shower 

event. 

In a process of moving between two stationary points the stationary observer will measure longer traveling 

time than the moving observer that actually travel between the points 

http://en.wikipedia.org/wiki/Muon
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We will need also the time 1t  for which we use Eq. (14.a)   

1
1 2 2

t + 0
t =

1- v c
.          (29) 

Substituting (28) and (29) into (9) and rearranging gives 

1 1 2 2 2 2

v +u
x = t

1- v c 1-u c
.        (30) 

Comparing (27) to (30) 

2 2 2 2 2 2

w v +u
=

1- w c 1- v c 1-u c
       (31) 

and squaring both side and solving yields 

2

v +u
w =

1+uv c
.          (32) 

Note that if either or both u and v equal c then w = c.  Thus, this velocity rule complies with the postulation of 

relativity that the propagation speed of light, which is the same regardless of the velocity of the source of which it 

emanates. 

EINSTEIN POSTULATIONS AND LORENTZ TRANSFORMATION 

Although often the Lorentz transformation is introduced as a mean to maintain the integrity of Maxwell equations 

in moving reference systems, one may suspect that Lorentz transformations and the basic postulations of Einstein 

have something in common.  Indeed so, and we shall show the connection. 

The two postulations of Einstein are 

1. All systems in constant speed experience the same law of physics 

2. The speed of light is the same for all observers in those systems 

To illustrate how these postulations bring upon the Lorentz transformation the “Michelson Morley configuration”
2
 

will be used.  Consider the system shown in Figure 2.  It consists of an L-shaped device comprised of two mirrors at 

the ends of the equal legs and a light source at the vertex.  The L is fixed in a system, which we denote as X, that is 

moving with speed u to the left with respect to system X’; alternatively we can say that X’ is moving to the right 

with speed u with respect to X.  At t = 0 the origins of the two systems coincide and at this moment two short light 

                                                                 

2
 So named after a similar configuration used in Michelson Morley’s famous experiment. 

http://en.wikipedia.org/wiki/Michelson-Morley_experiment
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pulses are shot in the direction of the two mirrors.  Observer X will see them bouncing and arriving back at the 

origin simultaneously.  Since the return occurs at the same time and location in system X it must occur at the same 

time and location for an observer in system X’.  Consider now what happens in system X’, shown in Figure 3.  

According to Einstein’s postulation, the observer X’ will measure the same propagating speed, c, of the light pulse.  

Consider now the two tracks that the two rays take as shown in Figure 3.  Start with the (green) ray that travels 

parallel to the x-axis, it starts at t’ = 0 and arrives at the horizontal mirror at time 1t  by which time, the mirror has 

shortened the distance by traveling to the left a distance 1ut .  It then reflects and arrives back at the origin at time 

2t  during which the origin point has moved to the left a distance 1 2u t +t .  Concurrently, the vertical ray travels 

along the diagonal at speed c (according to the law that the light always travels the same speed) and reflects from 

the vertical mirror at time 3t .  According to the law of optics, which has to be true for all systems, the incident 

angle equals the reflection angle, thus, the ray traverses a “mirrored” route back to the origin.   

For the horizontal path, 

1 1ct =L -ut            (33) 

thus, 

1

L
t =

c +u
           (34) 

2 1 1 2 2ct =L -ut +u t + t =L +ut        (35) 

thus, 

2

L
t =

c -u
.           (36) 

 

Mirror 
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Figure 2: Geometry of system X 

 

L 

1 2u t t
1x

X’ 

1ut

3ut

L’

  

Figure 3: Geometry of system X’ 
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From Eqs. (34) and (36), after simple manipulations we get the timing of the horizontal path, 

21 2

2

2L c
t + t =

u
1-

c

.          (37) 

For the vertical path, 

2 2 2

3 3ct = L + ut .         (38) 

As explained above, the incident and reflection angle equal and thus the entire route is double, thus, 

3 2 2

2L/c
2t =

1-u c
.          (39) 

The process requires that the horizontal and vertical traveling terminate simultaneously thus, 

1 2 3t + t =2t            (40) 

and consequently, 

2 2 2 2

2L c 2L c
=

1-u c 1-u c
         (41) 

which yields, 

2 2L =L 1-u c           (42) 

or 

2 2

L
L =

1-u c
.          (43) 

Now, consider the meaning of L .  Strictly speaking L  is the distance that observer X’ measures between the light 

source and the horizontal mirror.  However unlike observer X which can take a measuring yard and measure the 

distance between the stationary points, observer X’ (who sees these points moving) cannot establish the distance 

by direct measurement. Instead to measure the length L , observer X’ measures the time taken from the moment 

he passes the light source until he passes the mirror. This time is       

Lt =L u .           (44) 

Given the velocity u between the systems, observer X calculates the elapsed time Lt  from X’ passing the light 

source until passing the mirror  
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Lt =L u.           (45) 

It follows that  

2 2

L Lt = t 1-u c .          (46)  

This is the time dilatation that was witnessed before.  The common dilatation factor is thus modifying the Galilean 

transformation into the forms in Eqs. (8) and (9).   

THE TWIN PARADOX AT LAST 

In his famous 1905 paper “On The Electrodynamics of Moving Bodies” that started it all, Einstein stated 

“From this there ensues the following peculiar consequence. If at the points A and B of K there are 

stationary clocks which, viewed in the stationary system, are synchronous; and if the clock at A is moved 

with the velocity v along the line AB to B, then on its arrival at B the two clocks no longer synchronize, but 

the clock moved from A to B lags behind the other which has remained at B by 2 21
2

tv c  (up to magnitudes 

of fourth and higher order), t being the time occupied in the journey from A to B. 

It is at once apparent that this result still holds good if the clock moves from A to B in any polygonal line, 

and also when the points A and B coincide. 

If we assume that the result proved for a polygonal line is also valid for a continuously curved line, we 

arrive at this result: If one of two synchronous clocks at A is moved in a closed curve with constant velocity 

until it returns to A, the journey lasting t seconds, then by the clock which has remained at rest the 

travelled clock on its arrival at A will be 2 21
2

tv c  seconds slow. Thence we conclude that a balance-clock
7
 

at the equator must go more slowly, by a very small amount, than a precisely similar clock situated at one 

of the poles under otherwise identical conditions.” 

 

In 1911, Paul Langevin made this concept more vivid and comprehensible by his now-iconic thought experiment of 

the twins, one an astronaut and the other a homebody. The astronaut brother undertakes a long space journey in 

a rocket moving at near light speed, while the other remains on Earth. When the traveling brother finally returns 

to Earth, it is discovered that he is younger than his sibling. 

Now, consider as before the two observers on the two systems X and X’, this time let’s assume that after some 

time observer X measures on his clock the time  What is the corresponding time in system X’?  The answer is not 

unique as it depends on the process associated with . If X is stationary observer and  is the time measured by the 

X’ observer to reach a stationary target on system X then the time required for this process measured by X is 

longer.  If, however, X’ is considered stationary and  is the time required for observer X to reach a stationary 

target on X’ then the time measured by observer X for this process is shorter than . So how do we know which is 

the real process?  For this matter consider the muons example mentioned previously.  It is natural for us to 

consider the earth a stationary system and the muon to be the traveler.  Still what is the real reason that we 

declare it so?  Indeed the need to assign a status of stationary and traveling parties is the main source of confusion 

in the twin paradox process where one twin is taking a round trip.  The reason for the confusion is as follows:  If 

http://www.fourmilab.ch/etexts/einstein/specrel/www/
http://www.fourmilab.ch/etexts/einstein/specrel/www/#foot172
http://en.wikipedia.org/wiki/Paul_Langevin
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our calculation is based upon special relativity and associated with velocities, why do we then view one twin rather 

than the other as being the traveler?  To get the answer to this important question take a close look at the quote 

from Einstein and notice some very important details. 

“If at the points A and B of K there are stationary clocks which, viewed in the stationary system, are 

synchronous; and if the clock at A is moved with the velocity v along the line AB to B, then on its arrival at 

B the two clocks no longer synchronize, but the clock moved from A to B lags behind the other which has 

remained at B.” 

Explicitly, Einstein starts the process with the two clocks at rest with respect to each other, then tacitly, using the 

innocent word “moved” Einstein implies that one of the clocks accelerates to reach velocity v.  Einstein is 

seemingly ignoring the fact that the process of acceleration will, at minimum, affect the calculation in that the 

velocity cannot be assumed to be constant.  Einstein meant that the clock is accelerated quickly so that the 

acceleration phase is negligibly short compared to the trip.  However it was important to determine the traveler 

and he did so with “moved”.  Once it is decided who is traveling, the rest follows naturally.  So Einstein himself 

provided the answer for the Twin Paradox lobby.  The correct scenario involves two twins together at rest.  At 

some point one of them accelerates and thus is the traveler – he will be the younger. 

Case closed? Almost: From our discussion it follows that the cause for the change in the clock rate is in fact the 

acceleration and this change can be explained only with general relativity, which deals with accelerated frames or 

equivalently, with interaction of stationary frames with gravity fields.  This is the crux of the confusion.  What 

causes the change in the clock rate is the acceleration itself.  It appears that the change in rate of the clock is a 

function of the magnitude in velocity change. The clock rate of the traveler retards during the initial acceleration, 

returning to normal during the deceleration of the turn around, and retarding again with the reacceleration of the 

inbound return leg.  The assumption is that the velocity changes take a short time, allowing constant velocity for 

the majority of the trip. This allows the use of the special relativity solution by identifying the traveler and the 

stationary observer despite the phenomena itself falling under general relativity. 

Finally, a word about our muon that was loitering some 10km above earth.  Assume a quasi stationary nitrogen 

molecule somewhere 10km up, suddenly hit by a cosmic ray, creates a muon that accelerates to near the speed of 

light and moves toward earth (could also move the other direction as well).  During this process we, the observers, 

accelerated none. Now you can see why we on earth are the stationary observers and the muon is the traveler. 


